Abstract. Let T be the line graph of the unique tree F on 8 vertices with degree sequence (3, 3, 3, 1, 1, 1, 1, 1) , i.e. T is a chain of three triangles. We show that every 4-connected {T, K 1,3 }-free graph has a hamiltonian cycle.
Introduction
For a family F of connected graphs, a graph is called F-free if it contains no induced copies of any member of F.
A well-known conjecture of Matthews and Sumner [9] states that all 4-connected claw-free (i.e. F = {K 1,3 }) graphs are hamiltonian. Another conjecture by Thomassen [11] states that all 4-connected line graphs are hamiltonian. As all line graphs are claw-free, the second conjecture appears much weaker than the first, but Ryjáček [10] showed that the two conjectures are actually equivalent.
The general conjecture is still wide open, but several special cases have been solved. In particular, the following result was observed independently by several authors, see, e.g., [2] . The hourglass is the graph on 5 vertices obtained by identifying one vertex of two disjoint triangles. Theorem 1. Let G be a 4-connected {claw,hourglass}-free graph. Then G is hamiltonian.
Very recently, Kaiser et al. showed a similar result for a bigger class of graphs. A graph is said to have the hourglass-property, if every induced hourglass S contains two non-adjacent vertices with a common neighbor outside S.
Theorem 2. [7]
Every 4-connected claw-free graph with the hourglassproperty is hamiltonian.
Our main result is an extension of Theorem 1 to a slightly different class of graphs. Let T be the line graph of the unique tree F on 8 vertices with degree sequence (3, 3, 3, 1, 1, 1, 1, 1), i.e. T is a chain of three triangles.
Theorem 3. Every 4-connected {K 1,3 , T }-free graph is hamiltonian.
One technical difficulty in the proof of this theorem is that the class of T -free graphs is not stable under the closure operation (see Section 3 for a definition). We will actually show a slightly stronger theorem in Theorem 19 to avoid this problem.
In this paper, all graphs are simple. A multigraph may contain multiple edges but no loops. For all terms not defined here we refer the reader to [1] . We denote the neighborhood of a vertex set X ⊆ V (G) in a graph G by N G (X) or N (X), and the closed neighborhood of X is
. We write L(G) for the line graph of G. A graph G is essentially k-edge-connected if the deletion of less than k edges leaves at most one component with more than one vertex. In this paper by circuit we mean a closed trail, possibly of length zero. A circuit C is dominating if every edge in G is incident to at least one vertex of C.
Line graphs
In this section, we present some theorems and easy facts about line graphs which we will use in our proofs. An important theorem about hamiltonicity of line graphs is the following classic result by Harary and Nash-Williams.
Theorem 4. [6]
If G is a graph and G = L(H) for some multigraph H, then G is hamiltonian if and only if H contains a dominating circuit.
Further, the following well known facts will be useful.
Fact 5.
If G is a line graph, then there is at most one triangle-free graph H such that L(H) = G.
If it exists, we will denote this unique graph by H = L −1 (G). A graph for which cl(G) = G is called closed.
Lemma 9. Let G be a claw-free graph, and let v ∈ EL(G).
Recently, Broersma and Ryjáček introduced an even stronger concept, the so called cycle closure. Let G be a closed claw-free graph, and let H = L −1 (G) be the triangle-free line graph original, i.e. the triangle free graph for which L(H) = G. Let C be a cycle of length k in H, where 4 ≤ k ≤ 6 and C contains at least k − 3 independent vertices of degree 2. Call such a cycle, and its line graph L(C) ⊆ G, an eligible cycle. Let the C-completion of G, G C , be the graph obtained from G by addition of all missing edges in N [L(C)]. Definition 1. We say that a graph G is a cycle closure of G, denoted
The following holds for the cycle closure:
We say a graph G is closed under cl cyc if cl cyc (G) = G. A similar result as Lemma 9 holds for the cycle closure.
Lemma 12. Let G be a closed claw-free graph, and let C be an eligible cycle in
Let Y be the graph consisting of a central triangle, with an extra triangle attached to each of its three vertices.
We say a class G of claw-free graphs is stable under the closure (cycle closure) if for every graph G ∈ G, we have cl(G) ∈ G (cl cyc (G) ∈ G). The power of Theorems 8 and 11 lies in the following consequence. If a class G of claw-free graphs is stable under the closure (cycle closure), and we want to show that all graphs in G are hamiltonian, then it suffices to consider only the closed graphs in G.
Brousek, Ryjáček and Schiermeyer have characterized all graphs A, such that the class of all {K 1,3 , A}-free graphs is stable [4] . Unfortunately, T and Y are not among these graphs. To avoid this difficulty, We say that G has the permanent T -property (Y -property) if G does not contain a set Proof of Theorem 14. For the first part of the theorem it suffices to show that cl(G) has the T -property for every claw-free graph G with the permanent T -property.
Let G be a claw-free graph with the permanent T -property, and let H = cl(G) be its closure. Suppose, for the sake of contradiction, that H does not have the T -property. Let (G =)G 0 , G 1 , . . . , G k (= H) be a sequence of graphs such that
Let j be maximal such that G j has the permanent T -property. Without loss of generality we may assume that j = 0, and
There is a vertex set
is a permanent copy of T labeled as in Figure 1 with the triangle x 1 x 2 x 3 being the only maximal clique containing any of the edges x 1 x 2 , x 1 x 3 , x 2 x 3 . Since G has the permanent T -property and
Further, x 1 , x 2 ∈ LD 2 (G 1 ), thus x 1 , x 2 ∈ LD 2 (G) by Lemma 9, and therefore x 1 x 2 , x 1 x 3 , x 2 x 3 ∈ E(G). By symmetry we may assume that one of the edges
is a claw, which is not possible. Thus, we may assume by symmetry that
T , so there must be an edge in E(H) connecting v or u 1 to w ∈ {x 2 , x 3 , y 2 , z 2 }. As x 1 u 2 / ∈ E(G) and
, we have v, u 1 ∈ LC(G), and thus v, u i ∈ LC(H). As
and H is closed, this implies that y 1 w ∈ E(H), a contradiction to the fact that G 1 [X] is permanent. This shows the first part of the theorem.
For the second part of the theorem, suppose for the sake of contradiction, that there is a closed claw-free graph G with an eligible cycle C ⊆ G such that G has the T -property but G C does not have the Tproperty. Hence, there is a vertex set X = {x 1 , x 2 , x 3 , y 1 , z 1 , y 2 , z 2 } ⊆ V (G) such that G C [X] is a copy of T labeled as in Figure 1 with the triangle x 1 x 2 x 3 being the only maximal clique containing any of the edges x 1 x 2 , x 1 x 3 , x 2 x 3 .
Lemma 12 implies that x 1 x 2 , x 1 x 3 , x 2 x 3 ∈ E(G), and we may assume by symmetry (and G being claw-free) that x 1 y 1 / ∈ E(G), following the same argument as in the first part of the proof. Thus, y 1 ∈ N G [C] and x 1 ∈ N G (C). Since G is claw-free and C is an induced cycle, there are two consecutive vertices y,
, and therefore, G[x 1 , x 2 , x 3 , y, z, y 2 , z 2 ] ∼ = T , contradicting the fact that G has the T -property.
Proof of Theorem 15. The proof is almost identical to the proof of Theorem 14, the details are left to the reader.
Collapsible graphs
Catlin [5] introduced the concept of collapsible graphs. A multigraph G is collapsible if for any even subset X ⊂ V (G), there is a submultigraph R such that G − E(R) is connected and X is precisely the set of odd degree vertices of R. If H is a connected submultigraph of G, then the multigraph G/H is obtained from G by contracting H to a single vertex, discarding all loops. These are a few very useful results using the concept. Lai proved the following result.
Theorem 18. [8] Let G be a 2-connected multigraph with minimum degree δ(G) ≥ 3. If every edge of G is contained in a cycle of length at most 4, then G is collapsible.
Hamiltonicity
In this section we show the following theorem which implies Theorem 3.
Theorem 19. Every 4-connected claw-free graph with the T -property is hamiltonian.
Consider the following operation on a claw-free graph G closed under cl cyc . Let H be the triangle-free graph such that G = L(H). Let H e be the graph obtained from H by subdividing an edge e whose endvertices both have degree greater than 3. Let G e = L(H e ).
Proposition 20. Let G be a claw-free graph closed under cl cyc , let H = L −1 (G) and e ∈ E(H) be an edge with endvertices of degree greater than 3. Then:
If G e is hamiltonian, then G is hamiltonian.
Proof. As a line graph of a triangle free graph, G e is closed. Further, since H is triangle-free without eligible cycles, H e contains no eligible cycles, so G e is closed under cl cyc . Let G be 4-connected. This is equivalent to the statement that H is essentially 4-edge-connected. Every essential edge-cut in H e induces an edge-cut of at most the same size in H. This induced cut is essential, unless it contains e. But there is no edge cut in H of size smaller than 4 containing the edge e since its endvertices both have degree greater than three. Thus, H e is essentially 4-edge-connected. This implies that G e is 4-connected, showing (ii) . Now let G e be hamiltonian with a hamiltonian cycle C. The preimage L −1 (C) is a dominating circuit in H e . Clearly, reversing the subdivision of e in H e yields a dominating circuit in H, and thus a hamiltonian cycle in G, showing (iii) .
Let G be a claw-free graph closed under cl cyc with the T -property. Repeat the above operation until the resulting graph G = s(G) has the following properties:
(i) G has the T -property, (ii) For every edge e ∈ L −1 (G ) with both endvertices having degree greater than 3, G e does not have the T -property.
The graph s(G) may not be unique, but this does not affect the validity of the argument.
To show Theorem 19 it suffices to show it for such a graph s(cl cyc (G)) by Theorem 11 and Proposition 20. To simplify notation we may as-
, and we want to show that H contains a dominating circuit.
Let K be a component of H − (A ∪ B). We want to show that K is collapsible. If K contains only one vertex, there is nothing to show, so we may assume that K contains at least two vertices. Let R be a block of K. The proof is structured as a series of claims. 
, otherwise a copy of F with x as center can be found. Together with Claim 5, this implies the existence of the C 4 .
Suppose the claim is false. Since R is 2-connected and X is an independent set by Claim 4, there is a vertex x ∈ X with neighbors y 1 and y 2 which are not in the same block of R − X. But the same argument as in the proof of Claim 5 shows that N (y 1 ) = N (y 2 ), a contradiction.
This follows directly from Theorem 18 with Claims 5, 6 and 7. To show Theorem 19, start with H − (A ∪ B) and, for every vertex in B, add an edge between its two neighbors. Call the resulting graph H . Contract R − X in H for each block R of each component of H − (A ∪ B). The resulting multigraph H is essentially 4-edge-connected with minimum degree at least 4, and thus 4-edge-connected. By Theorem 17, H is collapsible, and thus H has a spanning circuit by Theorem 16. All vertices in A ∪ B are independent, and so H has a dominating circuit, and therefore G = L(H) is hamiltonian.
Closing remarks
The techniques used in the proof of Theorem 19 are not quite sufficent to prove a similar result about hamiltonicity of 4-connected clawfree graphs with the weaker Y -property. Take for example the graph H in Figure 6 , and let G = L(H). Clearly, G is 4-connected, claw-free, cycle closed and has the Y -property. But if we define A, B and X as above, H − (A ∪ B ∪ X) consists of two non-collapsible C 4 s.
Similarly, one can define the weak hourglass-property as follows. A graph G is said to have the weak hourglass-property, if for every set S ⊆ V (G) with G inducing an hourglass on S, one of the following is true: Figure 2 . A line graph original of a graph with the Y -property (i) There is a common neighbor outside of S for two of the nonadjacent vertices in S, or (ii) both edges in G[S] not incident to the center vertex in S lie in cliques which are not subsets of S. This property implies the T -property and the hourglass-property. It is easy to see that the class of graphs with the weak hourglass-property is stable under both the closure and the cycle closure, but again, the proof techniques used in the proof of Theorem 19 are not quite sufficent to prove a similar result about hamiltonicity of 4-connected claw-free graphs with this property. The graph pictured in Figure 3 could be a block R of H − (A ∪ B), but R − X contains vertices of degree 1, and is thus not collapsible. 
